We have shown that the lattice-gas model with four repulsive pair interaction constants (corresponding to the four nearest coordination shells) on a simple cubic lattice is a sufficient model to describe the main types of cation ordering in relaxors. The phase diagram, obtained by the cluster variation method, shows the sequences of transitions between the phases 1 : 2 → 1 : 1 → disordered and 1 : 2 → disordered.
Basically, two types of (B', B") sublattice ordering are found experimentally. Therefore it is interesting and important to find the appropriate model and from this model obtain the phase diagram (PD) which would account for known experimental facts including the disordered phase at high temperatures and the 1:1 and 1:2 phases at their corresponding stoichiometries. This problem is closely related to the problem of finding a minimal set of interaction constants in an Ising-type model for a simple cubic lattice.
One of the first models, proposed to simulate the images found in HRTEM experiments for PMN, accounted for the nearest neighbor (NN) and next-nearest neighbor (NNN) interactions between (B', B") ions supplemented by an electrostatic (Coulomb) energy term E el [8] . At E el = 0 this Monte Carlo simulation yields the separation of initial 1:2 system into locally ordered negative 1: There are also known several studies of the ground states of a simple cubic lattice using the Ising model with just few short-range interaction constants taken into account [9] [10] [11] .
However, the range of interaction of these models was not sufficient for the occurence of the ground states found in relaxors, the 1:2 phase in particular. Namely, the number of interaction constants were limited either to those three corresponding to the three main distances of the cube (i. e. NN, NNN and third-nearest neighbor (3NN)) [9, 10] or to a very particular set of NN, NNN and fourth-nearest neighbour (4NN) interactions as well as to the smallest triangle interaction and linear triplet, but omitting 3NN interaction [11] . Therefore much more important to the studies of stability of ordered phases in relaxors were the works of Burton [3] and McCormack and Burton [12] where the stability conditions for the 1:2 phase were investigated in particular. These authors have concluded that using simple pair interactions in the Ising-type Hamiltonian up to fourth-nearest neighbors is not sufficient to obtain the experimentally observed superstructures as ground states. They obtained the PD with phase transition sequences 1 : 2 → 1 : 1 → disordered and 1 : 2 → disordered using many-body interactions such as linear triplet and, so-called, cube-222. However the values of these interaction constants, chosen [3] for the calculation of the PD, cannot be reconciled with the relative energies for several of the most probable phases obtained from first-principles calculation by the same authors [12] .
In this work we present the PD of a lattice-gas model with four repulsive pair interaction constants (NN, NNN, 3NN and 4NN) taken into account in a simple cubic lattice. Our calculations, performed by the cluster variation method (CVM), show that this model is sufficient to explain the main ordering features of relaxors, and that no multi-point interactions are really necessary.
II. MODEL AND PHASE DIAGRAMS
We consider a lattice-gas model which is described by the Hamiltonian
where n i = 1 when the site is occupied by the atom B' and 0 when it is occupied by B".
It can be shown [13] that the effective interaction constant v ij = v
is the interaction energy between the atoms M and N, and We are going to show that repulsive pair interactions in the four nearest coordination shells are sufficient to describe the experimentally observed 1:1 and 1:2 phases and the phase transitions between these phases. This statement contradicts earlier ground-state analysis [12] , thus the Appendix is devoted to show that our approach is justified. Here we just want to give a simple indirect argument supporting our choice.
According to the ground-state analysis [10] for repulsive v 1 , v 2 , v 3 > 0, v 4 = 0 and the case Here a 0 is the lattice parameter of the initial sc unit cell. The ground-state at x = 1/3 (the stoichiometric value for the 1:2 structure) is a mixture of 1/4 and 3/8 structures taken with proper weights. One can easily check that for v 4 = 0 the energy of the 1:2 structure at x = 1/3 is exactly the same as that of the mixture, i.e. the 1:2 phase is just marginally unstable. By introducing an arbitrarily small v 4 > 0 one can make the 1:2 structure stable albeit only at very low temperatures. This is because the energy of the mixture increases with v 4 , but the energy of the 1:2 phase is independent of v 4 .
When choosing the empiric values of the interaction constants we assume v 1 = 1, since the negative value would cause decomposition rather than ordering and the absolute value just gives the energy scale which can always be adjusted to the experiment. It would be interesting to explore all possible situations in the remaining three-dimensional space of v 2 , v 3 and v 4 for which the ground state is the 1:2 structure at x = 1/3. This is too ambitious however, since not much is known about the PDs for the simple cubic lattice even for v 4 = 0. Thus to simplify our task, we base our choice on the results of Ref. [2] , that the interactions might be of electrostatic nature (similar atoms tend to repel each other) and take all v i to be positive.
The calculations of the PDs have been performed using the CVM [14] , a powerful variational method to treat phase transition problems. In this method the local interactions between a particular group of spins (cluster) are exactly taken into account. The interaction of the cluster spins with those being outside the cluster are accounted for by the, so-called, effective fields which are the variational parameters in the version [15] confirms its results by filling the gap in the PD. To be sure, we have also applied the NN exclusion to the 8+7 -point approximation (to check whether the exclusion itself could hide the problems with the CVM), but the problems remained.
To support our CVM calculations, we have performed some limited Monte Carlo simulations using a simple Metropolis algorithm on a 24 × 24 × 24 lattice with periodic boundary conditions and around 50000 sweeps for each point. These points are plotted in Fig.3 with circles. First-order transitions are difficult to locate accurately by the Monte Carlo method, so the points on the first-order phase transition lines are actually metastability limits of the corresponding low-temperature phase, a true phase transition should be slightly below. It is much easier to find metastability limits, if one starts from a perfectly ordered structure at low temperatures and gradually increases the temperature until the order changes or is destroyed. We show in Fig.4 , that the metastability limits obtained by the CVM and Monte
Carlo calculations are quite close, thus we expect the location of the true first-order phase transition to be correct too. It is seen that these results nicely confirms our CVM data.
In summary, a lattice gas model for a simple cubic lattice with four nearest repulsive pair interaction constants was proposed. The presented PD posesses all features of cations ordering observed in relaxor compounds, namely, a phase transition sequence 1 : 2 → 1 : 1 → disordered at x = 1/3. The increase of v 4 from 0.02 to 0.03 shifts the phase boundary between disordered and 1:1 phases to the region x > 1/3, thus resulting at x = 1/3 in a phase transition 1 : 2 → disordered, which was also observed in a number of relaxor materials.
Another interesting feature of the PD is that a pure 1:2 phase reaches its stoichiometric concentration only at T = 0, while at any finite temperature it separates into a mixture of the 1:2 phase with a slightly lower concentration and a small amount of adjacent phase (e.g. Here we apply the partial vertex enumeration (PVE) procedure [12] for interaction clusters to our four two-point clusters corresponding to NN, NNN, 3NN and 4NN pairs. The PVE technique for the ground state problem is based up on the more general vertex enumeration of the configuration polyhedron method [13] . It is easier described in terms of the Ising model and the outline is as follows. Consider a cluster α of |α| lattice sites which includes all interactions of the Hamiltonian. It is shown [13] that the probability function ρ α ({s}) for the configuration {s} (the set of Ising spins s i at every site i) of the cluster α is a linear function of the spin products s β = i∈β s i of all subclusters β of the cluster However it may be impractical to make a full vertex enumeration for large clusters, when interactions beyond the 3NN are considered. Therefore the PVE is used (see Ref [12] ) to determine whether in the space of ν β (β ⊂ α) included in a certain cluster α (or several clusters), the point, corresponding to the given structure, is a vertex of the CP. It is a vertex if the number of faces it belongs to is not less than the dimensionality of the space (number of distinct ν β ). Then for a given (periodic) structure one obtains values of ν β by averaging over the unit cell of the structure, and checks how many equations (A2) are satisfied by these values. It is found [12] that at least some many-body interactions in the cube and a linear triplet are necessary for the 1:2 phase to be a vertex.
Consider PVE for our four pair clusters (α = 1,2,3,4). The configuration probabilities for each cluster are ρ α = 1 4
Here m = s i is a magnetization, r α = s i s j i,j∈α is a pair-correlation function of the cluster α, and these five parameters span a 5-dimensional space. For the 1 : 2 structure m = r 1 = r 4 = −1/3, r 2 = 1/3, r 3 = 0, and two configuration probabilities are zero, namely 
This relation defines a new constraint and a new hyperplane, which is not equivalent to any of the constraints in (A3). It is not that simple to obtain all the constraints. In general one has to consider clusters large enough to contain all the interaction clusters (e.g. a doublecube), then to project the resulting CP on the space of m, r α (α = 1, . . ., 4), and see if the vertex coresponding to the desired structure survives. Fortunately, here we can use the result [12] that the cube+4NN pair interaction cluster is missing one constraint for the 1:2 phase to be a vertex. Since the constraint (A4), which is not equivalent to those already
